In this paper, a sliding mode controller is applied to control the cubic Chua's circuit system. The sliding surface of this paper used is one dimension higher than the traditional surface and guarantees its passage through the initial states of the controlled system. Therefore, using the characteristic of this sliding mode we aim to design a controller that can meet the desired specification and use less control energy by comparing with the result in the current existing literature. The results show that the proposed controller can steer Chua's circuit system to the desired state without the chattering phenomenon and abrupt state change.
Introduction
Chaotic behavior exists in many industrial systems. It is irregular, complex and unpredictable. In many practical systems, removing chaos can improve system performance, avoid fatigue failure of the system, and lead to a predictable system behavior. Chaos control research was first developed by Ott, Grebogi and Yoke (OGY) in 1990. This method shows a chaotic attractor than can be converted to one of a large number of possible attracting time-periodic motions by making small timedependent perturbations of an available system parameter only. After OGY method was proposed, many classical or modern control approaches have been applied to chaos control.
Chua's circuit is a simple electronic circuit exhibiting a wide variety of chaotic phenomena [Madan, 1993] . Based on its simplicity and universality, Chua's circuit has become a standard problem to issue the effectiveness of the chaos control strategy. Recently, many of the methods adopted the controlling strategy for Chua's circuit system. For example, Chen and Dong [1993] controlled the chaotic trajectory of Chua's circuit to reach the limit cycle by using linear feedback control. Hartley and Mossayebi [1993] used state space techniques and input-output techniques to control a cubic Chua's circuit system. It is shown that standard control theory approaches can easily accommodate a chaotic system. Hwang et al. [1996] used a feedback controller to suppress chaotic states of a cubic Chua's circuit system.
In the above literature regarding Chua's circuit system chaos control, it is essential to know the system parameters for the controller design. Further, it is often assumed to be without external disturbances. In a practical situation, the matched and mismatched disturbances may be included in Chua's circuit system. Thus, under cases with unpredictable factors of Chua's circuit system, a feasible control strategy must be applied to achieve the specific performance.
Sliding mode control is a nonlinear control strategy. It includes two parts: switched control and equivalent control. Traditional sliding mode control cannot predict the time in reaching sliding surface and assure system robustness. It also often has chattering phenomena for which the sliding mode controller is applied. In this paper, the matched and mismatched disturbances are considered for a cubic Chua's circuit system, that becomes more difficult to control. In order to solve these problems, the conditional activated sliding mode control is used such that the resulting control system meets the desired behavior with less control energy and without chattering phenomena.
The Cubic Chua's Circuit System
Chua's circuit has been become a prototypical electronic circuit with chaos [Madan, 1993] . Hartly [1989] proposed a cubic Chua's circuit that used a cubic nonlinearity with little change in the system dynamics or bifurcation structure to replace the piecewise-linear nonlinearity of Chua's circuit [Chua et al., 1986] . Khibnik et al. [1993] and Huang et al. [1996] presented the chaotic behavior of Chua's circuit with cubic nonlinearity. The cubic Chua's circuit system is described bẏ
where p > 0 and q > 0 are system parameters; x 1 and x 2 are voltages across the two capacitors; and x 3 is the current through the inductor. Considering a cubic Chua's circuit with disturbances, a control signal u is applied to the third state which would represent the addition of a voltage source in series with the inductor [Hartly & Mossayebi, 1993] . The dynamics of the controlled system can be described aṡ
where d 1 and d 2 are mismatched disturbances and d 3 is the matched disturbance. Assume these disturbances are bounded, that is,
where the parameters δ 1 , δ 2 and δ 3 are constants.
Control of the Cubic Chua's Circuit System
From the typical root locus analysis of a linearized cubic Chua's circuit system [Hartly & Mossayebi, 1993] , the result indicated that the control of state x 1 is the most difficult. In this study, the control objective is to regulate state x 1 (t) to the desired state x 1r . From Eq. (1), when x 1 (t) = x 1r , thenẋ 1 (t) = 0 and x 2 (t) = x 2r = (2x 3 1r −x 1r )/7; therefore,ẋ 2 (t) = 0 and x 3 (t) = x 3r = (2x 3 1r −8x 1r )/7. In this way, the states of Chua's circuit will be steered to the equilibrium point x r = (x 1r , x 2r , x 3r ) T . In this study, the sliding mode controller is employed to a cubic Chua's circuit system with chaos of which the initial state of system is (0.65, 0, 0).
System standardization
To determine the sliding mode control law, the reformulation of the state space equation of (1) into an extended controllable canonical form is required. Then, the system dynamic equation with disturbances becomeṡ
where x 1 (t) can be treated as a disturbance in Eq. (5). Equations (4) and (5) show that x 1 (t) represents a stable dynamics of the control system. Thus, when x 2 (t) and x 3 (t) converge to x 2r and x 3r , the solution of x 1 (t) will converge to a steady state, i.e.ẋ 1 = 0.
In order to present the system in the canonical form, the state transformation
is applied, where Z is the new state vector and
is the transformation matrix. Thus, the dynamics of Eq. (5) can be transferred to a controllable canonical form as
If the desired regulation point is x r = (x 1r , x 2r , x 3r ), then the transformed regulation state vector
Let the error states of system be e 2 = z 2 − z 2r , e 3 = z 3 − z 3r and e = x 1 (t) − x 1r , then the controllable canonical form of the error state dynamic equations iṡ
and the internal dynamics of the error state iṡ
Further, letė 3 = e 4 , the standardized state space equations of the error states arė
where Eq. (13) represents an extended controllable canonical form and Eq. (14) is the internal dynamics of the system.
Sliding mode controller design
By the concept of extended systems [Chen & Xu, 1999] , a suitable sliding surface can be chosen as
The sliding surface used in this paper is one dimension higher than the traditional sliding surface which guarantees that it passes through the initial states of the system being controlled. The reaching law is chosen asṠ
Substitute Eq. (16) 
and if the initial condition u(0) = 0, thenu can be determined aṡ
−(c 4 e 4 + c 3 e 3 + c 2 e 2 ) − w sgn(S)
In practice, disturbances d 2 and d 3 are unknown and the suitable implemented control input is described aṡ u = q(ẋ 2 ) + e 4 +ẋ 1 − (c 4 e 4 + c 3 e 3 + c 2 e 2 )
Therefore, the implemented control input can be obtained as
[q(ẋ 2 ) + e 4 +ẋ 1 − (c 4 e 4 + c 3 e 3 + c 2 e 2 )
with u(0) = 0.
Approaching control analysis
Substituting the control law of Eq. (19) into the extended system (13), the dynamics of closed-loop system can be described aṡ
e 3 = e 4 e 4 = −w sgn(S) − (c 4 e 4 + c 3 e 3 + c 2 e 2 )
Let the Lyapunov function of system be V = (1/2)S 2 , therefore, V (t) is a positive semi-definite function. The first derivative of V with respect to time is obtained aṡ
IfV ≤ 0 is satisfied, the sliding mode will exist. Therefore, for boundedḋ 2 andḋ 3 , w must satisfy
SinceV (t) is negative semi-definite function, one can get the results that the error states e 2 (t) and e 3 (t) are bounded.
Control input activate analysis
There are three equilibrium points of Eq. (14), namely, x c1 , x c2 and x c3 . The phase portrait of the system consists of a single trajectory, and is shown in Fig. 1 . The arrows indicate the direction of motion. The phase portrait of this system shows that the equilibrium points x 1 = x c1 and x 1 = x c3 are stable, while the other equilibrium point x 1 = x c2 is an unstable equilibrium point. From the above result, the stable conditions Φ x1 are obtained as
Since sliding surface is constructed by system states and sliding mode control law is based on state feedback, the states at the activated control input will dominate the dynamics of the controlled system. In order to make sure the activated state falls to a desired domain of attraction, a check condition is required.
If the desired state x 1r is positive, the control goal becomes e = x 1 − x 1r = 0, and the relation between e andė is shown in Fig. 2 . Therefore, the domain of attraction w.r.t. x 1r becomes Φ x 1r = {eė < 0 and e > −x 1r } .
Based on the above analysis, in order to steer the system states to the desired states, the control input can only be activated when the state falls to the domain of attraction w.r.t. x 1r . There are two ways to manipulate the control action. One is to activate the sliding mode control action as condition (25) is satisfied. The other is to apply an auxiliary control to force the states e andė into the domain of attraction w.r.t. x 1r efficiently at the first stage, then activate the sliding mode control law. In this paper, a P type controller is used to regulate the states e andė into the domain of attraction w.r.t. x 1r , and, the actual control input u r can be represented as u r = k p e, eė ≥ 0 or e ≤ −x 1r u, eė < 0 and e > x 1r (26) where u is the control input of sliding mode control, k p is a feedback gain, which is relative to the efficiency in satisfy the condition (25).
Simulation Results and Discussion
In this paper, the parameters of uncontrolled Chua's circuit system are p = 10 and q = 100/7; the initial condition is (0.65, 0, 0) and three equilibrium points of the system are ( √ 0.5, 0, − √ 0.5), (0, 0, 0), and (− √ 0.5, 0, √ 0.5), respectively. The numerical analysis is carried out using Runge-Kutta method of order 4 and the integration tolerance is 10 −6 . Let k p = 50, w = 10 and the eigenvalues corresponding to the sliding surface are −10, −10+6i and −10−6i,
Regulation of the desired states without disturbance
Considering the disturbance free case, i.e. (2), the time responses with uncontrolled system are chaotic as shown in Fig. 3 . Letting x 1r = √ 0.5, the new controlled equilibrium point is x r = (x 1r , x 2r , x 3r ) T = ( √ 0.5, 0, − √ 0.5) T . If control input is activated at t = 15 sec, the states of cubic Chua's circuit system can be regulated effectively and efficiently as shown in Fig. 4(a) . The corresponding control input is continuous, as shown in Fig. 4(b) . The resulting control does not have an abrupt change and chattering phenomenon. The sliding surface dynamics is shown in Fig. 4(c) , that the activated control input causes a small change in the sliding surface dynamics and decays rapidly to zero.
The second case is to steer the desired state from one to the other. Figure 5 (a) issues the dynamics of controlled system where the control input is activated at t = 15 sec. The desired set point is x r = ( √ 0.5, 0, − √ 0.5) T , and change to x r = (1, 1/7, −6/7) T at time t = 60 sec. It shows that the resulting system converges to the desired state satisfactorily. The corresponding control input is shown in Fig. 5(b) . Figure 5(c) shows the control input obtained by Hwang et al. [1996] . Figure 5(d) shows the sliding surface without large changing in this case. These results show that the proposed control scheme results in fast setting time and smaller maximum control input by comparing [Hartly & Mossayebi, 1993] and [Hwang et al., 1996] . The comparison is shown in Table 1 .
Regulation with disturbance
In this case, a closed loop system with matched disturbance is considered. It shows that the chattering does not appear with corresponding control input and has a fixed nonzero demand in the steady state due to the sinusoid disturbance. Figure 7 shows the response of the closed loop system with mismatched disturbance d 1 = 0.5 cos(5πt). The result also shows a harmonic waveform for the control input in the steady state. Due to the mismatched disturbance, the system steady states have an ultimate boundedness of tracking error around the equilibrium point, instead of the stay at the equilibrium point. Figure 8 shows the response of the closed loop system with mismatched disturbance d 2 = 0.5 cos(5πt). For reducing the ultimate boundedness of tracking error of the controlled system, one way is to choose suitable eigenvalues corresponding to the sliding surface [Edwards & Spurgeon, 1998 ]. Figure 9 shows the response of the closed loop system with mismatched disturbances Fig. 8 . Time responses of Chua's circuit system with mismatch disturbance d2 = 0.5 cos(5πt). Fig. 9 . Time responses of Chua's circuit system with mismatch disturbance d2 = 0.5 cos(5πt) for eigenvalues changing to −10, −5 + 3i and −5 − 3i. d 2 = 0.5 cos(5πt) for changing the eigenvalues to −10, −5 + 3i and −5 − 3i. Therefore, the influences due to the mismatched disturbances can be further reduced by a suitable sliding surface.
Conclusions
In this paper, a sliding control method for chaotic cubic Chua's circuit system is proposed. The activation of the sliding mode control is governed by the desired state error (e) and its derivative (ė). A P type controller is employed to steer the states e anḋ e into the desired stable region, then a sliding mode controller is activated to regulate the system to the desired state. By means of the design of sliding mode dynamic characteristics, the controlled system performances can arbitrarily be determined by assigning the corresponding eigenvalues of the sliding mode dynamics.
The results show that the proposed controller can stabilize chaotic motion of the cubic Chua's circuit system even when the system has matched and mismatched disturbances. The control input in this study is continuous and has no abrupt increase in the desired state change. It provides a method that can achieve desired specification with less control energy by comparing against the results of other researches.
